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Abstract
We investigate conformal symmetries of the Aharony - Bergman - Jafferis -
Maldacena (ABJM) theory for multiple M2 branes and the Lorentzian Bagger -
Lambert - Gustavsson (L-BLG) theory which can be obtained by taking a scaling
limit k(≫ N) → ∞ of the ABJM theory. The conformal symmetry is maintained
in the L-BLG by considering general space-time varying solutions to the constraint
equations. The dual geometry is reduced to d = 10 AdS4×CP
3 in the scaling limit
and has the same conformal symmetry. The curvature radius R satisfies l
(11)
p ≪
l
(10)
p ≪ R ≪ ls (l
(d)
p and ls are the d-dimensional Planck lengths and the string
scale), and the theory is in a region where an α′ expansion is not valid. We also
study how the SO(8) covariance is recovered in the AdS4×CP
3 geometry by taking
the scaling limit.
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1 Introduction
Bagger and Lambert, and Gustavsson discovered the N = 8 superconformal (2 + 1)-
dimensional field theories with a SO(8) global symmetries by exploiting the 3-algebraic
structures [1, 2] and an effective theory of multiple M2 branes was proposed, which was
based on the 3-algebra with a Lorentzian signature [3, 4, 5] (the L-BLG theory). Another
very interesting proposal for multiple M2 branes was also made recently by Aharony,
Bergman, Jafferis and Maldacena (the ABJM theory) [6].
An earlier proposal of L-BLG [3, 4, 5] has the desired symmetries, SO(8) and super-
conformal symmetries but there are several problems. First, because of the Lorentzian
signature, the model contains fields XI0 and X
I
−1 which may endanger the unitarity of the
theory. The fields XI−1 (and the fermionic partner Ψ−1) are, however, contained in the
action only linearly and can be integrated out to give the following constraints on the
‘conjugate’ fields XI0 and Ψ0:
∂2XI0 = 0, Γ
µ∂µΨ0 = 0. (1.1)
Hence the would-be ghost modes can be removed from the propagating degrees of free-
dom.∗ If we take a constant solution XI0 = v
I to the constraint equation, the L-BLG
theories are reduced to the action of the N D2 branes in flat space [9, 5, 10, 11]. The
specific choice of the solutions breaks the conformal invariance and the SO(8) to SO(7)
and it has been suspected that the L-BLG theory is nothing more than a theory of D2
branes in d = 10 spacetime. This is another problem of the L-BLG theory.
In this paper we would like to emphasize that the constraint equations (1.1) should be
more carefully treated as we did in [10, 12] and show that the interpretation of the L-BLG
as the ordinary D2 branes is not appropriate (see also a recent work [13]). In [10], we
revisited the constraint equation and considered general spacetime dependent solutions
and the theory around it †. By considering such space-time dependent solutions, the
theory is shown to have a generalized conformal symmetry as well as the manifest SO(8)
invariance [12]. The purpose of the present paper is to investigate these symmetries
extensively both in the field theories and in the gravity duals.
Another very interesting proposal for multiple M2 branes was made by Aharony et.al.
[6]. They generalized the superconformal Chern-Simons matter theories [17, 18] to the
N = 6 superconformal U(N)×U(N) theories. The levels of the Chern-Simons gauge fields
∗There are attempts to kill the ghost fields by gauging a shift symmetry [7, 8].
†In [10], we have also studied the constraint equations of the mass-deformed theory [14, 15]. In this
case, the constraint equation is modified to (∂2 + µ2)XI0 = 0 and there are no constant solutions. We
studied the theory around a background of the spacetime dependent solution XI
0
= exp(µx) δI
10
and
called such field theories Janus field theories. It was also shown in [16] that the spacetime dependent
coupling in the massless theory can be reinterpreted as a coordinate-dependent mass term with a constant
coupling.
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are (k,−k) and the theory is conjectured to describe the low energy limit of N M2-branes
probing C4/Zk. Hence at large N , it is dual to the M-theory on AdS4 × S7/Zk. In the
formulation the 3-algebraic structure does not seem to play any role, but recently Bagger
and Lambert showed that if the condition of the antisymmetry of the structure constant
is relaxed, the ABJM theory can be written in terms of the new 3-algebra [19]. There
are also interesting works of the ABJM theory for the relation to a M5-brane through the
Basu-Harvey equations [20, 21, 22], N = 6 Chern-Simons theory with the other gauge
groups [23, 24] and the N ≤ 8 superconformal theories from the 3-dimensional gauged
supergravity models [25]. For other related works of the ABJM theory, see [26].
Now we have two different proposals for the formulation of multiple M2 branes, L-BLG
and ABJM, and it is important to understand the relation between them, especially how
the conformal symmetries and SO(8) invariance are realized in these theories. In [12],
we have explicitly shown that the L-BLG theory can be obtained by taking the following
scaling limit of the ABJM theory (fermions are omitted here):
Bµ → λBµ,
XI0 → λ
−1XI0 ,
k → λ−1k, (1.2)
where Bµ is an axial combination of the two gauge fields Bµ = (A
(L)
µ −A
(R)
µ )/2 and XI0 are
trace components of the bifundamental matter fields. The other bosonic fields are kept
fixed and then take the limit:
λ→ 0. (1.3)
The gauge group SU(N)×SU(N) of the ABJM theory is reduced to the semi-direct sum
of SU(N) and translations a la´ Ino¨nu¨-Wigner contraction [27]. Taking the scaling limit,
the action of the ABJM theory is reduced to the action of the L-BLG theory. Furthermore,
the same constraint equations (1.1) can be obtained by requiring finiteness of the action
in the λ → 0 limit. We emphasize here that the scaling limit is taken before taking the
large N limit. Hence the ’t Hooft coupling N/k vanishes in the scaling limit from ABJM
to L-BLG.
The M2 branes described by the ABJM theory has conformal symmetry. The scaling
limit mentioned above corresponds to locating M2 branes far from the origin of the Zk
orbifold as well as taking k(≫ N) → ∞. Since the coupling of the scaled theory is
promoted to an SO(8) vector XI0 (x), we showed in [12] that the scaled theory of L-BLG
has an enhanced symmetries, i.e. generalized conformal symmetry and SO(8) invariance.
These symmetries are not expected to exist in the effective theory of the ordinary D2
branes. This generalized conformal symmetry is essentially the same as that proposed by
Jevicki, Kazama and Yoneya [28] 10 years ago for general Dp-branes.
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In this paper we further investigate the conformal symmetry and recovery of SO(8)
invariance in the ABJM and L-BLG theories. In section 2, we first analyze the conformal
invariance of the ABJM theory, in particular the invariance under the special conformal
transformations. Since the scaling limit is compatible with the conformal invariance,
the L-BLG theory also has the same conformal invariance. We also show the constraint
equations (1.1) are compatible with the conformal symmetries. It should be emphasized
that the conformal invariance can be preserved only when we consider a set of spacetime
dependent solutions to the constraint equations, and a specific choice to the equations
generally breaks the conformal invariance.
In section 3, we discuss the conformal symmetry and the recovery of SO(8) in the
gravity dual. In [6], the dual geometry of the ABJM theory is conjectured to be AdS4 ×
S7/Zk where the S
7 is considered as U(1) Hopf fibration on CP3 and the U(1) direction
is orbifolded. In the scaling limit of ABJM to L-BLG, k is taken to infinity and the Zk
identification looks like a circle identification of the d = 11 theory. In this reduction to
d = 10, the dilaton field takes a constant value and the reduced d = 10 geometry is given
by AdS4 × CP
3. In the original discussion of ABJM, the ’t Hooft coupling N/k is kept
fixed and hence the radius of curvature of AdS4 is finite in the string units. However in
our scaling limit to L-BLG, k is taken to infinity before taking the large N and the radius
becomes much smaller than the string scale:
(
R
ls
)2
= R2str ∼
√
N
k
→ 0. (1.4)
On the other hand, comparing R with the d = 10 Planck length, the ratio is given by(
R
l
(10)
p
)2
∼ k1/8N3/8 →∞ (1.5)
and the type IIA supergravity approximation itself is good. Hence the reduced geometry
of ABJM in the scaling limit k →∞ to L-BLG can be described by AdS4 ×CP
3, but it
cannot be considered as a low energy approximation of type IIA superstring. The scaled
theory (L-BLG) may be more appropriately interpreted as M2 branes in d = 10 that is
dimensionally reduced from the d = 11 supergravity.
In Appendix A, we discuss the effect of U(1) gauge field in the scaling limit of the
U(N) × U(N) ABJM theories. In Appendix B, the recovery of SO(8) in C4/U(1) is
discussed. In Appendix C, we review the ordinary reduction from d = 11 M2 branes to
d = 10 D2 branes.
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2 Conformal Symmetry of ABJM and L-BLG
2.1 Conformal invariance of ABJM
The ABJM theory of d = 3N = 6 superconformal theory is proposed as a dual field theory
of M-theory on AdS4×S7/Zk. As shown in [29], the ABJM theory is invariant under the
superconformal transformations. Here we study the invariance of the ABJM theory under
the conformal transformations, in particular the special conformal transformations.
The action of the ABJM theory is given by
S =
∫
d3x tr[−(DµYA)
†DµY A + iψ†AΓ
µDµψ
A] + SCS − SVf − SVb (2.1)
where
SCS =
∫
d3x 2Kǫµνλtr[A(L)µ ∂νA
(L)
λ +
2i
3
A(L)µ A
(L)
ν A
(L)
λ − A
(R)
µ ∂νA
(R)
λ −
2i
3
A(R)µ A
(R)
ν A
(R)
λ ],
SVb = −
1
48K2
∫
d3x tr[Y AY †AY
BY †BY
CY †C + Y
†
AY
AY †BY
BY †CY
C
+ 4Y AY †BY
CY †AY
BY †C − 6Y
AY †BY
BY †AY
CY †C ],
SVf =
i
4K
∫
d3xtr[Y †AY
AψB†ψB − Y
AY †AψBψ
B† + 2Y AY †BψAψ
B† − 2Y †AY
BψA†ψB
+ ǫABCDY †AψBY
†
CψD − ǫABCDY
AψB†Y CψD†]
and A = 1, 2, 3, 4. We used the notation of [30] and K = k/8π.
It is a U(N) × U(N) or SU(N) × SU(N) gauge theory. The other choices of gauge
groups are possible but here we consider these two types. The actions of the gauge fields
are given by the Chern-Simons action with coefficients k and −k. Matter fields Y A and
ψA are in the bifundamental representation and the covariant derivative is defined by
DµY = ∂µY + iA
(L)
µ Y − iY A
(R)
µ . (2.2)
The action is invariant under N = 6 superconformal transformations. In the following we
check the explicit invariance under the conformal transformations.
First it is obvious that the action is invariant under the dilatation. Dilatation is defined
by x → eǫx and simultaneously we transform each field by multiplying e−nǫ where n is
the conformal weight. The scalars Y A, fermions ψA and the gauge fields Aµ have weights
1/2, 1, 1 respectively.
A little more nontrivial transformation is a special conformal transformation. It is
given by
δxµ = 2ǫ · xxµ − ǫµx2. (2.3)
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If we write the infinitesimal transformation for each field Y (x) as δY (x) = Y ′(x′)−Y (x),
they are given by
δY A(x) = −ǫ · xY A(x),
δA(L,R)µ (x) = −2ǫ · xA
(L,R)
µ (x)− 2(x · A
(L,R)ǫµ − ǫ · A
(L,R)xµ),
δψA(x) = −2ǫ · xψA(x)− ǫµνλǫ
νxλΓµψA(x). (2.4)
These transformations can be understood as follows. They look like the general coordinate
transformations, but are different since the theory is restricted to live in the flat space-
time with a fixed metric and the change of the metric under the general coordinate
transformations must be compensated by the transformations of the fields. The first
terms in each transformation reflect the conformal weight of each field. The second term
in the transformation of the fermion is the local Lorentz transformation which pulls back
the flat local Lorentz frame (where we use Γ012ψ = ψ). The transformation for the gauge
field Aµ is nothing but the general coordinate transformation with the transformation
parameter (2.3).
The action is invariant under the above special conformal transformations. In order
to see it, the following transformation rules are useful:
d3x→ e6ǫ·xd3x,
∂µ → e
−2ǫ·x[∂µ − 2(ǫµx
ν∂ν − xµǫ
ν∂ν)],
DµY → e
−3ǫ·x
[
DµY − {Y + 2x
ν∂νY + 2i(x · A
(L)Y − Y x · A(R))}ǫµ
+{2ǫν∂νY + 2i(ǫ ·A
(L)Y − Y ǫ · A(R))}xµ
]
,
Fµν →e
−4ǫ·x [Fµν − 2(ǫνx
ρFµρ − ǫµx
ρFνρ) + 2(xνǫ
ρFµρ − xµǫ
ρFνρ)] . (2.5)
Though ǫ is an infinitesimal parameter, we write the overall factors as e−2nǫ·x for conve-
nience. They are cancelled in the action because n is the conformal weight of each field
and coordinates.
Here let us check the invariance of the Chern-Simons term as an example. First the
derivative part transforms as
ǫµνλtrFµνAσ
→ ǫµνλe−6ǫ·xtr[FµνAλ + 4(ǫµx
ρ − xµǫ
ρ)AλFνρ − 2Fµν(x · Aǫλ − ǫ · Axλ)]. (2.6)
The pre-factor e−6ǫ·x is cancelled with the transformation of d3x in (2.5). The rest vanishes
because
ǫµνλtr[2(ǫµx
ρ − xµǫ
ρ)AλFνρ − Fµν(x · Aǫλ − ǫ · Axλ)]
= ǫµνλtr[2ǫ ραµ fαFνρAλ − ǫ
ρα
λ fαFµνAρ] = 0. (2.7)
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In the second line we have defined fα = ǫµναxµǫν . Similarly the invariance of the term
ǫµνλAµAνAλ can be shown by noting that the gauge field transforms as
Aµ → e
−2ǫ·x(Aµ + 2ǫµαβf
αAβ). (2.8)
Hence the Chern-Simons terms are invariant under the special conformal transformation.
Though we have checked it explicitly, the invariance can be naturally understood because
the Chern-Simons term is independent of the metric if it is defined in a curved background
space-time.
The other terms in the action are also straightforwardly shown to be invariant under
the special conformal transformations.
2.2 ABJM to L-BLG
As shown in [12], the L-BLG theory is obtained by taking a scaling limit of the ABJM
theory with a gauge group SU(N)×SU(N). In the gauge theory with U(N)×U(N) there
is a subtlety in the scaling of the U(1) part. We will discuss the issue in the Appendix A
and here restrict the discussions to the SU(N)× SU(N) case.
The scaling is given as follows:
Bµ → λBµ,
XI0 → λ
−1XI0 ,
ψA0 → λ
−1ψA0,
k → λ−1k (2.9)
where
Y A = X2A−10 + iX
2A
0 − Xˆ
2A + iXˆ2A−1, Bµ =
1
2
(A(L)µ − A
(R)
µ ) (2.10)
and XI0 and ψ0A are trace components of the bifundamental matter fields, and I =
1, · · · , 8. When we take λ → 0 limit and keep the other fields fixed, the action of the
ABJM theory is reduced to the action of the L-BLG theory. Since the k → ∞ limit is
taken before taking the large N , our scaling corresponds to a vanishing ’t Hooft coupling
N/k → 0. Besides the action, the same constraint equations as those in the L-BLG theory
can be obtained from the ABJM theory:
∂2XI0 = 0, Γ
µ∂µΨ0 = 0, (2.11)
by requiring finiteness of the action in the λ→ 0 limit.
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In the above scaling limit we arrive at the L-BLG theory:
L0 = Tr
[
−
1
2
(DˆµXˆ
I −BµX
I
0 )
2 +
1
4
(XK0 )
2([XˆI , XˆJ ])2 −
1
2
(XI0 [Xˆ
I , XˆJ ])2
+
i
2
¯ˆ
ΨΓµDˆµΨˆ + iΨ¯0Γ
µBµΨˆ−
1
2
Ψ¯0Xˆ
I [XˆJ ,ΓIJΨˆ] +
1
2
¯ˆ
ΨXI0 [Xˆ
J ,ΓIJΨˆ]
+
1
2
ǫµνλFˆµνBλ − ∂µX
I
0 BµXˆ
I
]
. (2.12)
In the original formulation of the L-BLG theory, the constraint equations (2.11) are
derived by integrating the auxiliary fields XI−1 and Ψ−1:
Lgh = (∂µX
I
0 )(∂
µXI−1)− iΨ¯−1Γ
µ∂µΨ0. (2.13)
Since the above scaling is compatible with the conformal transformations discussed in
the previous section, the action (2.12) is invariant under the conformal transformations
(see also [31]). The action for the auxiliary fields (2.13) is also invariant if we define the
transformations for them as
δXI−1(x) = −ǫ · xX
I
−1(x),
δΨ−1(x) = −2ǫ · xΨ−1(x)− ǫµνλǫ
νxλΓµΨ−1(x). (2.14)
2.3 Generalized conformal symmetry in D2 branes
Now integrate the Bµ gauge field. It has been discussed that if we pick up a specific
solution to the constraint equation (2.11), especially a constant solution
XI0 = v δ
I,8, Ψ0 = 0, (2.15)
the L-BLG theory is reduced to the action of the ordinary D2 branes whose Yang-Mills
coupling constant is given by gYM = v:
L = Tr
[
−
1
4v2
Fˆ 2µν −
1
2
(DˆµXˆ
A)2 +
1
4
v2[XˆA, XˆB]2 +
i
2
¯ˆ
ΨΓµDˆµΨˆ +
1
2
v
¯ˆ
Ψ[XˆA,Γ8,AΨˆ]
]
(2.16)
where A,B = 1, · · · , 7. Then SO(8) is spontaneously broken to SO(7) because we have
specialized the 8-th direction. The conformal invariance is also broken. Though the action
is the same as that of the D2 branes, we see later that the interpretation of the L-BLG
theory as an effective theory of the ordinary D2 branes is not appropriate since the radius
of curvature is much smaller than the string scale in the gravity dual.
The constraint equations (2.11) have more general solutions than (2.15) which depend
on the spacetime coordinates. Then the resulting action becomes a Yang-Mills theory with
7
a spacetime dependent coupling [10]. As we have shown [12], the action with the spacetime
dependent coupling is invariant under the conformal transformations if we consider a set
of spacetime dependent solutions. The conformal invariance is discussed in more details
in the next section.
We here consider the simplest spacetime dependent solutions:
XI0 = v(x) δ
I,8, Ψ0 = 0, ∂
2v(x) = 0. (2.17)
Then the L-BLG theory is reduced to the same action as that of the D2 branes but with
a spacetime varying coupling:
L = Tr
[
−
1
4v(x)2
Fˆ 2µν −
1
2
(DˆµXˆ
A)2 +
1
4
v(x)2[XˆA, XˆB]2
+
i
2
¯ˆ
ΨΓµDˆµΨˆ +
1
2
v(x)
¯ˆ
Ψ[XˆA,Γ8,AΨˆ]
]
. (2.18)
SO(8) symmetry is spontaneously broken to SO(7) as well, but the action with a varying
v(x) has a generalized conformal symmetry if the coupling transforms as
δv(x) = −(ǫ · x) v(x). (2.19)
This transformation is originated in the special conformal transformation of the scalar
field (2.4). The generalized conformal transformation for Dp branes were first proposed
by Jevicki, Kazama and Yoneya [28]. In the present case, the transformation (2.19) is
naturally derived since the coupling constant of the Yang-Mills action is determined by
the center of mass coordinates XI0 (x) of the M2 branes.
It is worth noting that the generalized conformal transformation (2.19) is compatible
with the constraint equations (2.11) only when p = 2. We will discuss it in the next
section.
2.4 Conformal symmetry and SO(8) invariance of L-BLG
The space-time dependent coupling v(x) can be promoted to an SO(8) vector XI0 (x) by
considering general solutions to the constraint equations (2.11) as shown in [10]. Then the
resultant action after integrating the Bµ gauge field becomes D2 branes effective action
with space-time dependent couplings in a vector representation of the SO(8) . In [12] we
showed that if we consider space-time dependent solutions the theory has the generalized
conformal symmetry as well as the manifest SO(8) invariance.
In this section we study more details of the generalized conformal symmetry of the
L-BLG theory. Especially we show that the conformal transformations are closed under
the constraint equations (2.11).
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By integrating the Bµ gauge field, we get the action S =
∫
d3x(L0 + L
′):
L0 = Tr
[
−
1
2
(DˆµP
I)2 +
1
4
X20 [P
I , P J ]2 +
i
2
¯ˆ
ΨΓµDˆµΨˆ +
1
2
¯ˆ
Ψ[P I , (XJ0 ΓJ)ΓIΨˆ]
+
1
2(XI0 )
2
(1
2
ǫµνλFˆνλ + iΨ¯0Γ
µΨˆ− 2PI∂
µXI0
)2
−
1
2
Ψ¯0ΓIJΨˆ[P
I , P J ]
]
,
L′ =
1
X20
Tr
[(
−Ψ¯0ΓI(X
J
0 ΓJ)[P
I , Ψˆ]− iΨ¯0ΓµDˆµΨˆ
)
(XK0 Xˆ
K)
]
. (2.20)
where we have defined a new scalar field PI with 7 degrees of freedom by using the
projection operator
PI(x) =
(
δIJ −
X0IX0J
X20
)
XJ . (2.21)
The XI0 (x) field is constrained to satisfy ∂
2XI0 = 0. This is a generalization of (2.18).
We called this theory a Janus field theory of (M)2-branes since the coupling constant is
varying with the space-time coordinates.
The action of the gauge field is no longer the Chern-Simons action but we can again
show that it is invariant under the conformal transformations. Under the dilatation
xµ → eǫxµ, each field is multiplied by e−nǫ where n is the conformal weight. The weights
of P,X0, Aµ,Ψ,Ψ0 are 1/2, 1/2, 1, 1, 1 respectively. The action is evidently invariant.
Special conformal transformation is similarly given by
δxµ = 2ǫ · xxµ − ǫµx2 (2.22)
and the fields transform as
δP I(x) = −ǫ · xP I(x),
δXI0 (x) = −ǫ · xX
I
0 (x),
δAµ(x) = −2ǫ · xAµ(x)− 2(x · A ǫµ − ǫ · A xµ),
δΨˆ(x) = −2ǫ · xΨˆ(x)− ǫµνλǫ
νxλΓµΨˆ(x),
δΨ0(x) = −2ǫ · xΨ0(x)− ǫµνλǫ
νxλΓµΨ0(x). (2.23)
It is now straightforward to show the invariance of the action. The Lagrangian is not
invariant but changes by total derivatives.
Finally we need to check that the transformation is closed within the constraint equa-
tions (2.11). Namely if the field XI0 (x) satisfies ∂
2
xX
I
0 (x) = 0, the transformed field X
′I
0 (x
′)
must also satisfy ∂2x′X
′I
0 (x
′) = 0. For an infinitesimal special conformal transformation,
this is equivalent to show ∂2δ˜XI0 (x) = 0 where δ˜X
I
0 (x) is the transformation at the nu-
merically same point defined by
δ˜XI0 (x) = X
′I
0 (x)−X
I
0 (x) = δX
I
0 (x)− δx
µ∂µX
I
0 (x),
δ˜Ψ0(x) = Ψ
′
0(x)−Ψ0(x) = δΨ0(x)− δx
µ∂µΨ0(x). (2.24)
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In the following, in order to see the specialty for M2 (or D2)-branes, we generalize the
special conformal transformation to Dp-branes [28]:
δ˜XI0 (x) = −(3− p)ǫ · xX
I
0 − (2ǫ · xx
µ − ǫx2)∂µX
I
0 (2.25)
It is easy to show
∂2(δ˜XI0 (x)) = 2(p− 2)ǫ
µ∂µX
I
0 (2.26)
where we have used the constraint equation ∂2XI0 = 0. This vanishes at p = 2 only.
Similarly, δ˜Ψ0 is given by
δ˜Ψ0(x) = −2(3− p)ǫ · xΨ0 − ǫµνλǫ
νxλΓµΨ0 − (2ǫ · xx
µ − ǫx2)∂µΨ0 (2.27)
and satisfies
Γα∂α(δ˜Ψ0(x)) = 2(p− 2)Γ
αǫαΨ0 (2.28)
where we used the constraint equation Γα∂αΨ0 = 0. Again Γ
α∂α(δ˜Ψ0(x)) = 0 vanishes
at p = 2 only. Both of the constraints are compatible with the generalized conformal
transformations at p = 2. It shows a specialty of M2 (or D2) branes.
We have shown that the constraint equations are compatible with the generalized
conformal transformations. If the solutions are restricted to constant ones as in (2.15),
we no longer have the generalized conformal symmetry. It can be maintained only when
we consider a set of space-time dependent solutions to the constraint equations.
Recently H. Verlinde [13] also considered space-time dependent solutions to the con-
straint equations and discussed the conformal symmetry of the L-BLG theory. In his
study the constraint equation is imposed everywhere except at zi where a local operator
Oi(zi) is inserted,
XI0 (x) =
∑ qIi
|x− zi|
. (2.29)
This is an inhomogeneous solution to the equation
∂2XI0 = −4π
∑
qIi δ
3(x− zi). (2.30)
We can add the homogeneous solutions to the above. If qI and z (omitting the index i)
transform as
δqI = ǫ · zqI
δzµ = 2(ǫ · z)zµ − ǫµz
2, (2.31)
the transformation of XI0
δXI0 (x) = −(ǫ · x)X
I
0 (x) (2.32)
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is reproduced and the L-BLG action is invariant under the conformal transformations.
Note that qI cannot be a constant. If qI is kept fixed, the set of solutions is not closed
under the conformal transformations. In order to recover the conformal invariance, qI
should be a position z-dependent charge.
We have shown that the L-BLG theory has both of the SO(8) invariance and the
conformal symmetry. In the next section we discuss the symmetry properties of the
gravity dual of the ABJM theory.
3 SO(8) and Conformal Symmetry in Dual Geometry
3.1 Large k limit of ABJM geometry
In the paper [6], it was pointed out that the U(N) × U(N) ABJM theory is dual to the
M-theory on AdS4×S7/Zk, which is a d = 11 supergravity solution of M2 branes probing
the orbifold C4/Zk. We first review the solution of supersymmetric M2 branes in d = 11
supergravity.
The d = 11 metric of the multiple M2-branes is given by
ds2 = H−
2
3
(
2∑
µ,ν=0
ηµνdx
µdxν
)
+H
1
3
(
dr2 + r2dΩ27
)
,
H(r) ≡ 1 +
R6
r6
, (3.1)
where R6 = 32π2N ′l6p and dΩ
2
7 is the metric of a unit 7-sphere. N
′ is the number of the
M2 branes and identified with N ′ = kN . The three form field is also given as
C(3) = H−1dx0 ∧ dx1 ∧ dx2 (3.2)
and the 4-form flux normalized by the world volume is proportional to N ′.
By focusing on the near horizon region of the M2-brane, the geometry becomes AdS4×
S7 geometry. In the near horizon limit R ≫ r, H(r) is replaced by H(r) = (R/r)6 and
the metric becomes
ds2 =
( r
R
)4( 2∑
µ,ν=0
ηµνdx
µdxν
)
+
(
R
r
)2
dr2 +R2dΩ27
= R2
[
1
4
ds2AdS + dΩ
2
7
]
(3.3)
where we have rescaled the M2 brane world volume coordinates by a factor 2/R3. Hence
the near horizon geometry of the supersymmetric M2 branes is given by AdS4 × S
7 with
a radius R. In the large N ′ = kN limit, the radius becomes much larger than the d = 11
Planck length and the d = 11 supergravity approximation is valid.
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The ABJM theory describes M2 branes on C4/Zk orbifold. The dual geometry can
be obtained by first specifying the polarization (choice of the complex coordinates) in R8
and then dividing C4 by Zk.
Since S7, parameterized by zA (A = 1, · · · , 4) with |zA|2 = 1, is a U(1)-fibration on
CP3, the metric of S7 is written as
dΩ27 = (dϕ
′ + ω)
2
+ ds2
CP
3 (3.4)
where ϕ′ is the overall phase of zA. The details of the definition of coordinates are written
in Appendix B.
We now perform the Zk quotient by dividing the overall phase of each z
A, namely the
ϕ′ direction. By rewriting ϕ′ = ϕ/k with ϕ ∼ ϕ+ 2π, the metric of S7/Zk becomes
ds2S7/Zk =
1
k2
(dϕ+ kω)2 + ds2
CP
3 . (3.5)
Before performing the Zk quotient, the metric has the conformal symmetry associated
with the AdS4 geometry and SO(8) symmetry of S
7. The orbifolding breaks the SO(8)
symmetry to SU(4)× U(1) but the conformal invariance still exists. This is the bosonic
symmetry of the ABJM theory.
The L-BLG action can be derived by taking the scaling limit (2.9) of the ABJM theory.
In the gravity side, this scaling corresponds to locating the probe M2 branes far from the
orbifold singularity and taking the large k limit. As we show in the next section, the
former process recovers the SO(8) if the positions of the M2 branes are considered to
be dynamical variables. The latter makes the radius of the ϕ′ circle small and d = 11
geometry is reduced to d = 10.
Now we consider the k →∞ limit of the dual geometry of the ABJM theory. Following
the prescription of ABJM, we shall interprete the coordinate ϕ as the compact direction
in reducing from M-theory to type IIA superstring. Using the reduction formula [32]
ds211 = e
− 2
3
φds210 + e
4
3
φ(lp)
2 (dϕ+ A)2 (3.6)
we get the d = 10 metric and the dilaton field in type IIA supergravity as
ds210 =
r
klp
H−
1
2
(
2∑
µ,ν=0
ηµνdx
µdxν
)
+
r
klp
H
1
2
(
dr2 + r2ds2
CP
3
)
, (3.7)
e2φ =
(
r
klp
)3
H
1
2 =
(
R
klp
)3
. (3.8)
Hence in the k →∞ limit, the metric becomes AdS4 ×CP
3:
ds210 =
R3
k
[
1
4
ds2AdS4 + ds
2
CP
3
]
(3.9)
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where the radius of curvature in string units is
R2str =
(
R
ls
)2
=
R3
kl3p
= 25/2π
√
N
k
. (3.10)
The dilaton is a constant and this is the reason why the d = 10 metric still has a con-
formal symmetry associated with the AdS4 geometry. This is different from the ordinary
reduction of the M2 branes to D2 branes by compactifying the 11th direction of the Carte-
sian coordinate (see Appendix C). Note that in the type IIA picture, in addition to the
four-form RR flux F4, there is a 2-form RR flux:
F4 =
3
8
R3
l3p
ǫˆ4,
F2 = dA = kdω (3.11)
where ǫˆ4 is the volume form in a unit radius AdS4 space. Hence the geometry is described
by the AdS4 ×CP
3 compactification with N units of the four form flux on AdS4 and k
units of the two-form flux on the CP1 in CP3 space.
In the k →∞ limit with N/k fixed, the compactification radius along the ϕ-direction
R11 becomes very small compared to the d = 11 Planck length:
R11
lp
=
R
klp
∼
(Nk)1/6
k
→ 0. (3.12)
Thus the theory is reduced to a ten-dimensional type IIA superstring on AdS4 × CP
3.
However the scaling limit from ABJM to L-BLG is taking large k limit before taking the
large N and the ’t Hooft coupling N/k becomes 0 in this limit. Since R11 = g
2/3
s lp, the
string coupling constant gs = e
φ also becomes 0:
gs = e
φ ∼ k−
5
4N
1
4 → 0. (3.13)
Since d = 11 Planck length lp and d = 10 Planck length l
(10)
p are related to the string
length as lp = g
1/3
s ls and l
(10)
p = g
1/4
s ls, the ratios of the radius of the IIA geometry (3.9)
with ls and l
(10)
p are given by
(
R
ls
)2
∼
√
N
k
→ 0,
(
R
l
(10)
p
)2
∼ k1/8N3/8 →∞. (3.14)
Therefore the Type IIA supergravity approximation itself is good but the α′ expansion is
not good and the theory cannot be considered as the low energy approximation of type
IIA superstring. On the other hand, the radius R is much larger than the d = 11 Planck
length and it may be more appropriately interpreted as a dimensional reduction of M2
branes in the d = 11 supergravity.
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We summarize the various length scales in the scaling limit of the ABJM theory to
the L-BLG theory:
R11 ≪ l
(11)
p ≪ l
(10)
p ≪ RAdS ≪ ls. (3.15)
The compactification radius R11 is much smaller than any other scales and the theory is
reduced to d = 10. But the radius of the AdS4 × CP
3 is smaller than the string length
and larger than the d = 10 and d = 11 Planck scales.
In the ordinary case of the duality between type IIB superstrings on AdS5 × S5 and
N = 4 SYM in d = 4, the radius of curvature R is given by
(
R
ls
)4
∼ gsN,
(
R
l
(10)
p
)4
∼ N. (3.16)
Thus it is usually assumed that both of gsN and N are large so that the type IIB super-
gravity approximation and the α′-expansion are valid. Unless gsN is large, α
′ corrections
cannot be neglected and the supergravity description itself is not valid. In the weak cou-
pling limit, the dual field theory is usually considered to be more appropriate. In our case,
we can consider the d = 10 supergravity as a dimensional reduction of d = 11 supergrav-
ity. However membranes wrapping the ϕ direction become very light strings in the unit
of the radius of curvature R, and this may invalidate the supergravity approximation of
the M-theory.
3.2 Recovery of SO(8) in dual geometry of L-BLG
In taking the scaling limit k(≫ N) → ∞ of the ABJM theory to the L-BLG theory, the
eleven-dimensional geometry is reduced to the ten-dimensional AdS4 ×CP
3:
ds2 = H−
2
3
(∑
ηµνdx
µdxν
)
+H
1
3 (dr2 + r2ds2
CP
3)
H(r) =
R6
r6
. (3.17)
In this section we discuss how the SO(8) can be recovered in the scaling limit of the
ABJM geometry to the L-BLG geometry. The L-BLG geometry is obtained by taking
k →∞ limit of AdS4 × S7/Zk and simultaneously locating the probe M2 brane far from
the origin of the orbifold. In the large k limit, the geometry becomes d = 10 AdS4×CP
3,
and there are only 7 transverse directions to the M2 brane world volume, However the
radial distance in (3.17) is given by the distance in d = 8:
r2 =
8∑
I=1
(XI)2. (3.18)
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It is invariant under the original SO(8) rotation and the Zk quotient leaves r invariant.
Now we consider a probe M2 brane in the above geometry. In the static gauge, the
M2 brane world volume is identified with the coordinates xµ (µ = 0, 1, 2) and the position
of the M2 brane is given by XI(x) where I = 1, · · · , 8. There are only 7 independent
propagating modes among 8, and the direction that is removed is the ϕ-direction. Re-
member that the ϕ is the overall phase of the complex coordinate zi of the transverse
R8. Assuming that the probe M2 brane is located far from the source branes, we can
separate the probe M2 brane coordinates into the classical background fields XI0 (x) and
the quantum fluctuations XˆI(x). Since the M2 brane is on C4/U(1), all the points on
the gauge orbit generated by the ϕ-rotation are identified. Here the position of the M2
brane is represented by the coordinates of R8; a point on the gauge orbit is singled out
by fixing the gauge (see Appendix B).
If the probe M2 brane is located at
XI0 = vδ
I,8 (3.19)
where v is much larger than the scale of the fluctuations, the rotation along the ϕ-direction
is approximated by
δX7 = −δϕ v,
δXI = 0 , I 6= 7. (3.20)
This shows that in the large v limit the ϕ direction can be identified with the 7th direction
X7 ‡. Since the Zk orbifolding with large k corresponds to gauging away the ϕ-direction,
the fluctuation along the 7th direction is killed and the field XˆI can fluctuate only in the
other 7 directions. This means that the SO(7) rotation acts among the other 7 directions
around the classical background of (3.19). If the classical backgroundXI0 (x) takes different
directions at different world volume points, the killed direction also changes locally on the
world volume.
In order to get a manifest SO(8) covariant formulation of this mechanism, it is con-
venient to separate the classical background field of the M2 brane and the fluctuations in
the complex coordinates as
ZA(x) = ZA0 (x) + Zˆ
A(x). (3.21)
If the fluctuations are much smaller than the classical background field, the ϕ rotation
can be approximated as
δZA = iδϕZA0 . (3.22)
‡ (3.19) has fixed a gauge of the ϕ rotation and (3.20) is nothing but the direction parallel to the
gauge orbit. If we change a gauge,e.g. to XI
0
= vδI,7, (3.20) is also changed accordingly.
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If we write
ZA0 = X
2A−1
0 + iX
2A
0
ZˆA = iXˆ2A−1 − Xˆ2A, (3.23)
where A = 1 · · · 4, the propagating degrees of freedom along the direction (3.22) are killed
and the fluctuations are restricted to obey
XI0 Xˆ
I = 0. (3.24)
Note that the decomposition of the complex fields into the real and the imaginary parts
are different between the classical background ZA0 and the fluctuations Zˆ
A in (3.23). With
this definition, if XI0 = vδ
I,8, the killed direction becomes the 8th direction of XˆI . We
can write the fluctuations perpendicular to XˆI in (3.24) as
P I =
(
δIJ −
XI0X
J
0
(X0)2
)
XˆJ . (3.25)
This P I automatically satisfies the condition (3.24) and 7 degrees of freedom are projected
among the 8 degrees of freedom. Now everything is written in a manifestly SO(8) covariant
way. The SO(8) covariance is recovered because we have assumed that the fluctuation is
much smaller than the classical background fields of the probe M2 brane. This assumption
is consistent with the scaling limit of the ABJM theory to the L-BLG theory.
Note here that the SO(8) rotation changes the gauge choice of the ϕ rotation and
SO(8) is mixed with the U(1) gauge transformation. Also note that because of the
different assignments of XI to ZA for Z0 and Zˆ, the SO(8) is different from the original
SO(8) before taking the orbifolding.
The analysis here and in the previous section shows why the L-BLG theory has both of
the conformal symmetry and the invariance under SO(8). The compactification direction
along the ϕ direction is different from the ordinary reduction to d = 10 by compactifying
the 11th transverse direction. The dilaton becomes constant and the AdS4 geometry is
preserved. This is the reason why there is a conformal symmetry in the effective field
theory of L-BLG.
The SO(8) invariance is more subtle. In the scaling limit of ABJM to L-BLG, we
take k → ∞ limit and simultaneously locate the probe M2 brane far from the origin of
the orbifold. Then the killed direction of the fluctuations by Zk (k → ∞) orbifolding is
given by the SO(8) vector of the classical background fields XI0 after specifying the gauge
choice, and defining the projection operator by using XI0 the manifest SO(8) covariance
is obtained.
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3.3 Actions of probe branes in AdS4 ×CP
3
In this section we study possible forms of the effective field theory of probe M2 branes
in the background geometry (3.17). The analysis in the section follows the prescription
of [33] and [34] that a classical scalar field in the radial direction is interpreted as the
Yang-Mills coupling. We will study probe M2 branes in a curved background while flat
11-dimensional background is used there.
By using the metric of (3.17), the generally covariant kinetic term can be written as
S0 =−
1
2
∫
d3x
√
− det ggµνgIJtr[DµX
IDνX
J ], (3.26)
where µ, ν = 0, 1, 2 are the world volume indices and I, J = 1, · · · , 8 are the target space
indices, and Dµ = ∂µ − iAµ is the covariant derivative to assure that XI lies on C4/U(1)
(see Appendix B).
Both of the world volume metric gµν and the target space metric gIJ are functions of
the position of the M2 branes XI(x). A static gauge is taken and the world volume metric
gµν is given by the induced metric in the curved space-time (3.17).
This kinetic term can be simplified as follows. The metric gµν and g
IJ are functions
of the the M2 brane position through r. As we did in the previous section, we separate
the 8 scalar fields XI(x) of the probe M2 branes into a classical background and quantum
fluctuations. If the probe M2 branes are located far from the origin of the orbifold
singularity, the position of the M2 branes is approximated by the value of the classical
background fields XI0 (x) and r ∼
√
(XI0 (x))
2. Inserting the explicit form of the metric,
the kinetic term can be simplified (see Appendix B) as
S0 = −
1
2
∫
dx3ηµνηIJtr[∂µP
I∂νP
J ] (3.27)
where P I(x) is the projected fluctuating fields (3.25). In deriving this action, we have used
that the classical background fields XI0 are slowly varying. Note that all the dependence
of H(r) vanishes and the kinetic term of the fluctuating fields does not have the explicit
dependence on the position of M2 branes.
The position of the M2 branes XI0 must satisfy the classical equation of motion on the
geometry (3.17). Because of the cancellation of H(r), it looks like a free field equation of
motion. But the fields XI0 are restricted to be on the geometry where the ϕ-direction is
killed, and they are slightly different from the constraint equation (2.11) in the L-BLG
theory, or that in the scaling limit of the SU(N)× SU(N) ABJM theory. This is related
to the effect of the U(1) gauge field of the ABJM theory. We discuss it in Appendix A.
In the rest of this section, we dare to generalize the discussion of the kinetic term of
the scalar field to the other possible terms in the the effective action of the probe M2
branes in the geometry (3.17). First assume that a gauge field is induced on the effective
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action of the probe M2 branes and its action is given by the ordinary Yang-Mills type.
Then the general coordinate invariant YM action in the curved metric (3.17) is given by
−
1
4
∫
d3x
√
− det ggµρgνσtr [FµνFρσ] = −
1
4
∫
d3x
(
R
r
)2
ηµρηνσtr [FµνFρσ] . (3.28)
(Since we are considering the d = 11 theory, there is no freedom to multiply a dilaton
dependence in the action.) In this case, H(r) dependence remains and the effective Yang-
Mills coupling is given by the following field dependent value:
g2YM(x) =
r2
R2
=
(XI0 (x))
2
R2
. (3.29)
Similarly if we assume that the scalar field acquires a quartic potential, the general
coordinate and SO(8) invariance require its form to be
1
4
∫
d3x
√
− det ggIKgJLtr[P
I , P J ][PK , PL]
=
∫
d3x
1
4
(XI0 )
2
R2
ηIKηJLtr[P
I , P J ][PK , PL]. (3.30)
Here P I are projected scalar fields (3.25).
Summing up these three terms, we have the following forms of the effective action:
S = −
1
2
∫
dx3
(
tr[∂µP
I∂µP I ]−
1
4
R2
(XI0 )
2
tr [FµνF
µν ] +
1
4
(XI0 )
2
R2
tr[P I , P J ]2
)
. (3.31)
Of course there is little justification of the above analysis but it is amusing to see that this
is nothing but the bosonic part of (2.20). The analysis might support an interpretation
that the action of L-BLG is the effective action of the probe M2 branes in the geometry of
(3.17). The XI0 dependence of the coefficients will be related to the conformal invariance
of the M2 branes. It will be interesting to constrain possible forms of the effective action
including fermions, higher derivative terms, or generic potential terms by the generalized
conformal invariance.
4 Conclusions
In this paper, we investigated the conformal symmetries and the recovery of SO(8) in-
variance of the Aharony-Bergman-Jafferis-Maldacena (ABJM) theories and Lorentzian
Bagger-Lambert-Gustavsson (L-BLG) theories. The conformal invariance, in particular,
the invariance under the special conformal transformations does hold in the L-BLG theory
only when we consider a set of spacetime dependent solutions to the constraint equations
∂2XI0 = 0. The conformal symmetries in the field theories are consistent with the gravity
18
duals; AdS4 × S7/Zk geometry for the ABJM theory and AdS4 ×CP
3 geometry for the
L-BLG.
It may sound strange that the L-BLG has a SO(8) global symmetry while the dual
geometry AdS4 × CP
3 does not have it manifestly. In order to resolve the problem, we
investigated the recovery of SO(8) by considering a dual geometry around a classical
background. We have shown how the SO(8) covariance is recovered in the geometry
probed by a slowly varying M2 brane located far from the orbifold singularity.
Although the radius of AdS4 is larger than the d = 10 Planck length and the type
IIA supergravity approximation is good, it is much smaller than the IIA string scale and
the dual geometry of the scaled theory of L-BLG cannot be interpreted as the low energy
effective theory of type IIA superstring. But the radius is larger than the d = 11 Planck
length and it can be considered as a dimensional reduction of the d = 11 supergravity
solution.
We have also studied the effective action of probe M2 branes in a curved geometry
that is obtained by taking the scaling limit of AdS4 × S7/Zk. It is amusing and also
somewhat surprising that the position dependent coefficients of the coupling constant can
be correctly reproduced; g2YM is proportional to a square of the position of the M2 branes.
In particular, if we assume that the scalar potential is quartic, the potential is shown
to be multiplied by a square of the center of mass coordinates of the M2 branes. This
is consistent with the sextic potential which is expected for the effective theory of M2
branes.
Finally we would like to comment on a subtlety related to the U(1) factor when
interpreting the L-BLG theory as a k → ∞ scaling limit of ABJM theory. The L-BLG
can be obtained by taking the scaling limit of the SU(N)× SU(N) ABJM theory. If the
gauge group is U(N)×U(N), the classical background XI0 must obey a classical equation
of motion restricted on C4/U(1), not on the full C4. This constraint is consistent with
the dual geometric picture of the U(N) × U(N) ABJM theory. Thus the original L-
BLG theory will be necessary to be supplemented by an additional constraint in order to
interpret it as the M2 branes probing C4/U(1).
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A U(1) part in ABJM theory
In scaling the ABJM theory to the L-BLG theory, we have mainly concerned with the
SU(N) × SU(N) gauge theory. In this appendix we consider the scaling limit of the
U(N) × U(N) ABJM theory, especially the effect of the U(1) part. For simplicity we
consider the bosonic terms only. In the presence of the U(1) gauge field, the covariant
derivative is modified to
DµY = DˆµYˆ + 2iB0µYˆ + i{Bˆµ, Yˆ }+ ∂µY0 + 2iBˆµY0 + 2iB0µY0, (A.1)
where B0µ is the axial combination of the U(1)× U(1) gauge field
B0µ =
1
2
(A(L)µ −A
(R)
µ ). (A.2)
The gauge field B0µ is associated with the gauge transformation of the complex field
Y A → eiϕY A. Hence if the dual geometry is described by C4/U(1), we need the gauge
symmetry even after the scaling to L-BLG. Therefore, we do not scale the B0µ field unlike
Bµ. The scaling is given by
Bˆµ → λBˆµ, Y0 → λ
−1Y0, B0µ → B0µ (A.3)
and take the limit λ→ 0. The kinetic term of the scalar fields becomes
−
1
2
tr|DµYA|
2 = tr
[
−
1
2
(DˆµYˆA + 2iBˆµY0A + 2iB0µYˆA)
†(DˆµYˆ A + 2iBˆµY A0 + 2iB
µ
0 Yˆ
A)
−
(∂µY0A + 2iB0µY0A)
†(∂µY A0 + 2iB
µ
0Y
A
0 )
2λ2
−i(∂µY0A + 2iB0µY0A)
†BˆµYˆ A + i(∂µY
A
0 + 2iB0µY
A
0 )Bˆ
µYˆ †A
]
. (A.4)
The difference from the SU(N) × SU(N) case is that all the derivative is replaced by
the covariant derivative with respect to B0µ. Requiring finiteness of the action, one can
obtain the modified constraint
D2U(1)Y
A
0 ≡ (∂µ + 2iB0µ)(∂
µ + 2iBµ0 )Y
A
0 = 0. (A.5)
The gauge field B0µ does not have a kinetic term and it is nothing but the auxiliary gauge
field Aµ introduced in the C
4/U(1) gauged model discussed in Appendix B.
In the presence of the vector-like U(1) gauge field
A0µ =
1
2
(A(L)µ + A
(R)
µ ), (A.6)
there is a coupling of B0µ to A0µ through the Chern-Simons term. If we do not scale the
A0µ either, it is given by
4λ−1KǫµνρtrB0µF0νρ, (A.7)
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where F0µν = ∂µA0ν − ∂νA0µ. Then because of the λ
−1 coefficient this must vanish too.
If we instead scale the A0µ gauge field with λ, the coefficient becomes of the order λ
0,
and an integration over B0µ solves it as
2B
(0)
0µ = −
i
2|Y A0 |
2
(Y A0 ∂µ
¯ˆ
Y A − Y¯0
A
∂µYˆ
A)− 2KǫµνρF
νρ
0 . (A.8)
B SO(8) recovery in C4/U(1) model
In Section 3.2 we showed the recovery of SO(8) invariance in the scaling limit of AdS4 ×
CP3. In this appendix, we study a C4/U(1) sigma model and see the recovery of SO(8).
This is a generalization of the equivalence of a gauged model onCP1 and anO(3) nonlinear
σ model to a higher dimensional target space.
C4 is parameterized by the following angular variables:
z1 = ρei(φ1+ϕ
′) cos θ,
z2 = ρei(φ2+ϕ
′) sin θ cosψ,
z3 = ρei(φ3+ϕ
′) sin θ sinψ cosχ,
z4 = ρeiϕ
′
sin θ sinψ sinχ,
0 ≤ ϕ′ ≤ 2π, 0 ≤ θ, ψ, χ, φ1, φ2, φ3 ≤ π. (B.1)
We then consider a scalar field on C4/U(1) by identifying
zi ∼ e
iϕ′zi. (B.2)
The Lagrangian of the scalar field Zi(x) on C
4/U(1) must be invariant under the local
gauge transformation
Zi(x)→ e
iϕ′Zi(x) (B.3)
and the action can be written by introducing an auxiliary gauge field Aµ as
S =
∫
d3x|(∂µ − iAµ)ZA|
2. (B.4)
In the ABJM theory, the gauge field comes from the U(1) part of the axial combination
of the two U(N) gauge fields B0µ (see Appendix A). The gauge field does not have a
kinetic term and and it can be eliminated by solving the equation of motion as
Aµ =
i
2|ZA|2
(ZA∂µZ¯
A − Z¯A∂µZ
A). (B.5)
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By substituting the solution to the action, we obtain a nonlinear action which depends
on the ZA fields only. The action (B.4) becomes
S =
∫
d3x(|∂ZA|2 − A2µ|Z
A|2). (B.6)
In the case of CP1 model, it is well known that the model is nothing but the nonlinear
σ-model on S2. In our case, it is a nonlinear model on C4/U(1).
Now we expand the field around a classical background and expand the field as
ZA(x) = ZA0 + Zˆ
A. (B.7)
The classical background satisfies the equation of motion. Assume that the classical
background is very slowly varying and much larger than the fluctuation ZˆA:
|ZA0 | ≫ |Zˆ
A| , |dZA0 |. (B.8)
Under the assumption (B.8), the quadratic terms of the fluctuations in the action (B.6)
become
S ∼
∫
d3x(|∂ZˆA|2 − A(0)2µ |Z
A
0 |
2) (B.9)
where
A(0)µ =
i
2|ZA0 |
2
(ZA0 ∂µ
¯ˆ
ZA − Z¯0
A
∂µZˆ
A). (B.10)
If we decompose the complex fields into real components as
ZA0 = X
2A−1
0 + iX
2A
0
ZˆA = iXˆ2A−1 − Xˆ2A, (B.11)
the gauge field can be written as
A(0)µ =
1
(XI0 )
2
XI0∂µXˆ
I . (B.12)
Thus the action can be written as a manifestly SO(8) covariant expression:
S =
∫
d3x{(∂XˆI)2 −
1
X20
(XI0∂Xˆ
I)2}. (B.13)
In terms of the projected scalar field
P I = XˆI −
XI0X
J
0 Xˆ
J
(XI0 )
2
, (B.14)
the action is written (under the assumption (B.8))
S =
∫
d3x(∂µP
I)2. (B.15)
It is manifestly invariant under the SO(8) transformations. But note that the SO(8)
transformation is different from the SO(8) acting on the original R8 because of the dif-
ferent decompositions of the complex fields into the real components in (B.11).
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C Ordinary reduction of M2 to D2
In this appendix, we remind the reader of the ordinary reduction of M2 branes in d = 11
supergravity to D2 branes in d = 10 type IIA supergravity to clarify the difference from the
reduction adopted in the ABJM theory. By compactifying x11 direction and identifying
x11 ∼ x11 + 2πR11 the M2 brane solution is given by replacing the metric (3.1) with a
smeared harmonic function [35]
H(r) =
∞∑
n=−∞
R6
(r2 + (x11 + 2πnR11)2)3
. (C.16)
where r is the radial distance in the 7 non-compact transverse directions. The string
coupling constant is given by R11 = gsls. Then we can get the solution of the multiple
D2-branes in the string frame by using the reduction rule and the Poisson resummation
at distance much larger than R11:
dsD2 = H
− 1
2
(
2∑
µ,ν=0
ηµνdx
µdxν
)
+H
1
2
(
dr2 + dΩ26
)
,
eφ = H
1
4 ,
H(r) =
6π2gsNl
5
s
r5
. (C.17)
It is quite different from (3.9). Especially the dilaton is not a constant and the conformal
symmetry of the M2 brane geometry is broken; it is no longer AdS4. The transverse
direction is given by the radial direction and S6, and therefore it has the SO(7) invariance.
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